Abstract. A result of A. Lazer and P. McKenna is extended to show the existence of large amplitude periodic bouncing for a damped linear impact oscillator with multiple impacts during one period.
Introduction
Impact oscillators of the form (1.1)
x + f (t, x, x ) = 0, for x(t) > 0; x(t) ≥ 0 and x(t 0 ) = 0 ⇒ x (t 0 +) = −x (t 0 −) serve as models of dynamical systems with discontinuities [5] . Systems of this type are special cases of vibro-impact systems [1] ; they are also related to the Fermi accelerator [6] , dual billiards [2] and certain models used in celestial mechanics [4] . In spite of its importance, the dynamics of system (1.1) is far from being understood, even for one-degree-of-freedom linear oscillators with impacts (cf. [2, 3, 6, 7, 8, 9] ). In [7] , Lazer and McKenna consider the linear impact oscillator x + b 2 x = 1; x(0) = 0 = x(2π), x (0) = −x (2π) and x(t) > 0, for t ∈ (0, 2π), and h(α) = 2π 0 x 0 (t)p(t − α) dt has a zero α 0 such that h (α 0 ) = 0, then there exists ε 0 > 0 such that system (1.2) has at least one 2π-periodic solution with an impact in [0, 2π) whenever |ε| < ε 0 .
From the viewpoint of mechanics, the result of Lazer and McKenna states that a linear oscillator whose mass is allowed to bounce elastically against a barrier will undergo large amplitude 2π-periodic bouncing in the presence of a small amplitude periodic force and small viscous damping.
The restriction on the periodic force p is necessary in the presence of damping. For example, if a > 0 and p(t) ≡ 0, then all 2π-periodic solutions of the system
Recently, Bonheure and Fabry introduced the concept of an admissible bouncing solution and obtained some existence results for the bouncing problem without damping (see [3] ). But, we note that their admissible solutions may be constant. Consider, for instance, the system
Every solution with initial conditions x(τ ) = 0 and x (τ ) = v > 0 has a zero that lies to the right of τ at some t = τ 1 . It can be proved (easily) that τ 1 − τ ∈ (2π, 4π]; thus, all 2π-periodic solutions of system (1.4) are constant. On the other hand, since Φ(θ) = [3] implies that system (1.4) has a 2π-periodic admissible solution. Hence, the existence of a periodic admissible solution does not imply the existence of a nontrivial periodic bouncing solution.
As far as we know, Lazer and McKenna's is the only result on the existence of large amplitude periodic bouncing solutions for impact oscillators with damping. It suggests a natural question: Does system (1.2) have periodic bouncing solutions with multiple impacts during one period? The purpose of this paper is to answer this question in the affirmative. We will extend Lazer and McKenna's result to the case of periodic bouncing with prescribed multiple impacts during one period. Our main result is the following theorem. 
with exactly m impacts in [0, 2π). Moreover, using the notation in the theorem of Lazer and McKenna, if h has a nondegenerate zero α 0 such that h (α 0 ) = 0, then there exists ε 0 > 0 such that system (1.2) has at least one 2π-periodic solution with exactly m impacts in [0, 2π) whenever 0 < ε ≤ ε 0 .
Lazer and McKenna also prove that the similar impact oscillator with negative forcing
has "one impact" solutions. We will generalize their result as follows:
with exactly m impacts in [0, 2π). Moreover, if h(α) has a nondegenerate zero α 0 such that h (α 0 ) = 0, then there exists ε 0 > 0 such that the negative impact oscillator (1.6) has at least one 2π-periodic solution with exactly m impacts in [0, 2π) whenever 0 < ε ≤ ε 0 .
In Section 2, we will prove some uniform estimates for the solutions of certain auxiliary equations. These estimates are used in Section 3 together with a limit process (motivated by the arguments in [7] and [3] ) to prove the existence of bouncing solutions that satisfy appropriate Dirichlet boundary values. Finally, the main results are proved by an application of the implicit function theorem. 
Auxiliary equations
is strictly decreasing and
Proof. We have that 
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, and therefore
By Lemma 2.1, if 1 2 < b < 1 or b > 1, then system (1.5) has a nonconstant 2π-periodic solution. Suppose that x 0 (t) is a 2π-periodic solution of (1.5) with m impacts in one period; that is, there are times 0 = t 1 < t 2 < · · · < t m < 2π such that
From the symmetry of the equation, it follows that
Let us now consider the auxiliary equation
where
In the following, we will give some uniform estimations for the solutions of some perturbations of this system. For ε small enough and α ∈ R, let us consider the solution x n,ε (t) of the equation
starting from x n,ε (τ ) = 0, x n,ε (τ ) = v < 0.
Lemma 2.2. Fix α ∈ R, and for ε ∈ R consider the solution x n,ε (t) of the equation
starting from x n,ε (τ ) = 0, x n,ε (τ ) = v < 0. If ε > 0 is sufficiently small and τ n,ε denotes the first zero of this solution that is larger than τ , then
Proof. Note that x n,ε (t) has the form of
in the half-plane x ≤ 0. For |t − τ | ≤ 4π, Gronwall's inequality implies that |x n,ε (t)| ≤ |2v|, and it follows that
where M 2 is a constant. Let ∆τ n,ε := τ n,ε − τ , and note that
Hence, for fixed v < 0, we have
But, if (2.4) holds, then x n,ε (t) < 0 for t ∈ (τ, τ n,ε ) and therefore x n,ε (τ n,ε ) < x n,ε (τ ) = 0. This is a contradiction. So we have
The next lemma is easy; the proof is left to the reader.
Lemma 2.3. Consider the equation
and suppose that x ε (t) is its solution starting from
for 0 < |ε| ≤ ε 0 and α ∈ R, where d is a constant independent of v, ε and α. In addition, suppose that τ ε is the first zero to the right of τ and
is the solution of x + b 2 x = 1 starting from the initial value of x ε (t) and I 0 denotes the interval from τ to the first zero τ 1 of x 0 (t) to the right of τ , then For fixed v > 0, let T (v) denote the time when the solution x(t) of (1.5) starting from x(τ ) = 0, x (τ ) = v > 0 moves from τ to its next zero τ 1 . By Lemma 2.2 and Lemma 2.3, we know that ∀σ > 0, there exist ε 0 > 0 and n 0 ∈ N such that for ε ∈ (0, ε 0 ] and n ≥ n 0 , the solution x n,ε (t) of the equation
starting from x n,ε (τ ) = 0, x n,ε (τ ) = v > 0 will have its next two zeros t
Repeating the above argument and using the continuous dependence of the solution with respect to its initial value and parameter, we can choose ε 0 > 0 and n 0 ∈ N such that x n,ε (t) has exactly 2m zeros (t
Lemma 2.4. If σ > 0, then there exists an ε 0 > 0 and n 0 ∈ N (both independent of α) such that, for ε ∈ (0, ε 0 ) and n ≥ n 0 , the equation
has a solution x n,ε (t) with x n,ε (0) = 0 = x n,ε (2π). Moreover, x n,ε (t) has exactly 2m zeros 0 = t
Proof. For σ > 0, consider the solution x ± 0 (t) of (1.5) starting from
By the strict monotonicity of T (v) on v, we know that there existsσ < σ/2 such that x + 0 (t) has m − 1 impacts in [0, 2π) and its m-th impact at t ≥ 2π +σ, while x − 0 (t) has m impacts in [0, 2π) and its m-th impact at t ≤ 2π −σ. By the previous argument, we have ε 0 > 0 and n 0 ∈ N such that for ε ∈ (0, ε 0 ) and n ≥ n 0 , the solution x ± n,ε (t) of (2.7) starting from x
has exactly 2m zeros in (0, 2π ± t ± ), where ) such that the solution x n,ε (t) of (2.7) starting from x n,ε (0) = 0 and x n,ε (0) = v ε also has x n,ε (2π) = 0. Moreover, x n,ε (t) has exactly 2m zeros 0 = t
The existence of bouncing solutions
We will use a limit process in this section. Let ε be fixed. Since the sequence {x n,ε (·)} obtained in Lemma 2.4 is bounded in C 1 [0, 2π] , by passing to a subsequence if necessary, we may assume that x n,ε (t) converges to a continuous function x 0,ε (t) satisfying the Dirichlet boundary condition x 0,ε (0) = x 0,ε (2π) = 0. Moreover, we will prove that x 0,ε (t) has an elastic bounce at each of its zeros in (0, 2π).
Assume that the 2m zeros of x n,ε (t) in [0, 2π) tend to 0 = t 
